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Nonsink Dissolution Rate Equations

MAHENDRA PATEL and J. T. CARSTENSEN *

Abstract [0 In spite of the fact that film theory is based on severe
assumptions, it is shown to be a good working model. The Nieber-
gall-Goyan equation, the Short-Sharkey-Rhodes equation, and
the Pothisiri-Carstensen equation—all based on simple film
theory—are shown to hold through 80-90% of the dissolution pro-
cess for p-hydroxybenzoic acid and sodium chloride, both at values
below and above the amount necessary to saturate the dissolution
medium. Deviations are attributed to experimental difficulties and
to improper definition of monodisperseness rather than to the as-
sumptions made in the theory.

Keyphrases 0 Nonsink dissolution of monodisperse powders—
various rate equations examined [ Dissolution of monodisperse
powders—various rate equations examined O Powders, monodis-
perse—various nonsink dissolution rate equations examined

Dissolution of monodisperse powders has been
studied and reported by several investigators. The in-
tents of this study are to consolidate a variety of
equations, to point out their shortcomings and
strengths, and to show that film theory is a good
working model.

BACKGROUND

The dissolution rate equations dealt with here are based on the
Noyes-Whitney equation (1):

~dW/dt = kO(S — C) (Eq.1)

where W is the weight remaining, k is the intrinsic dissolution rate
constant, O is the surface area, S is the saturation concentration,
and C is the concentration at time ¢.
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The assumptions made are: (a) a film [the so-called Nernst—
Brunner layer (2-4)] surrounds each particle; (b) the film need not
be hydrodynamically stagnant but behaves so that there is a linear
concentration gradient in it; and (c¢) the concentration gradient
imparts a concentration, C, at the boundary between the film and
the bulk solution. The thickness of this boundary is assumed not
to change during dissolution; i.e., it is assumed to be independent
of particle size. Niebergall et al. (5) studied this point, but it will
not be discussed in this report.

Another assumption is that the particles are isotropic and iso-
metric, although Carstensen and Patel (6) showed that this condi-
tion need not be a prerequisite. The Ostwald-Freundlich effect (7,
8), where a smaller particle is more soluble than a larger particle, is
also neglected.

A dissolution rate equation for monodisperse powders was first
suggested by Wilhelm et al. (9); they employed graphical integra-
tion to solve exact dissolution rate equations. Hixson and Crowell
(10) arrived at the cube root law for dissolution of monodisperse
powders under sink conditions (i.e., when C « S):

W,1/32kS :
pd

where d is the diameter of the particle (assumed spherical), and p
is the particle density. For Fick’s law (11) to apply to film theory,
it is required that:

Wol/3 — W1/3 = (Eq 2)

k =D/h (Eq. 3)

where D is the diffusion coefficient of the solute in solution, and A
is the thickness of the Nernst-Brunner layer. Since D can be de-
termined experimentally or obtained by the Stokes-Einstein equa-
tion (12) or the Wilke equation (13), an estimate of A can be made
from dissolution rate studies.

Niebergall and Goyan (14) extended the Hixson-Crowell equa-
tion to the situation where the amount studied (W,) equals exactly
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Figure 1—Temperature dependence of the solubility of p-hy-
droxybenzoic acid.

the amount needed to saturate the solution (W,). As shown in the
Appendix, they found the negative two-thirds law as expressed in

Eq. 4:

W-2/3 - W,~2/3 = g¢ (Eq. 4)

where the proportionality constant 3 is given by: § = kN3T/V, in
which N is the number of particles and T is a shape factor given
by: T' = {6V/x/p]¥3. Niebergall and Goyan (14), employing sali-
cylamide and benzoic acid as test substances, showed Eq. 4 to hold
but only to about 30% of saturation.

Short et al. (15) solved the dissolution rate equation under
nonsink conditions, where W, is different from W,. The correct
form of their equation with the nomenclature used here is:

VW) = =[(k¥YN)T/V)]t + Y(W,) (Eq. 5)
where:
(W) = 0.5F AIn[(u + F)2/(F2 — uF + u?)]j +
V3F-2arctan [(2u - F)/(FV3)] (Eq.6)

and where F® = W, — W, and W = u3. The derivation of Eq. 5 is
shown in the Appendix. Short et al. (15) tested the equation on
the dissolution of hydrocortisone and found it not to hold.

Pothisiri and Carstensen (16) developed a similar equation
under nonsink conditions; the correct form of their equation with
the nomenclature used here is':

W) =y -2 (Eq.7)

where:

=4
\b(r)—Gﬂln[

(r+q)? ] 9 [2r—q]
(r®—gqr+q? * g aretan

(Eq. 8)

where r is the “radius” of the particle; « = Np4x/(3V), where V is
the volume of the dissolving medium; 8 = S — (W,/V),; and ¢° =
B/a. All derived equations are based on film theory. Pothisiri and
Carstensen (16) showed Eq. 8 to hold up to 65% of saturation. Al-
though simple film theory should fail on many counts (17, 18), it,
amazingly, gives excellent correlation with experimental values.

EXPERIMENTAL

p-Hydroxybenzoic acid dissolution was tested in a 1000-ml jack-
eted beaker?. The p-hydroxybenzoic acid was recrystallized in a
nonisothermal fashion (6) from alcohol USP, air dried, and sieved
through a nest of sieves. The fraction retained by a 60-mesh screen
and passing a 40-mesh screen was used in most experiments. One
particular experiment was conducted with a 16-20-mesh cut; but

! The last fraction in Eq. 11 of the paper by Pothisiri and Carstensen (16)
is inverted, and the equation should read as shown in Eq. 8 here. The solu-
bility reported in Ref. 16 is higher (10 mg/ml corresponding to W, =
0.82W,) than reported here (6.7 mg/ml corresponding to W, = 1.27W,). Re-
gardless of the solubility figure used, the data of Ref. 16 plot well according
to Eq. 7 (as shown in Fig. 7) and Eq. 5 (as shown in Fig. 8).

2 Jacketed beaker, ACE Glass Corp., Vineland, N.J.
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Figure 2—(a) Concentration versus time profile for p-hydroxy-
benzoic acid at different temperatures in 0.1 N HC! (initial
weight W, = W,). Key: @, 20°; 0, 25°; @, 30°; @, 35°; and ®, 40°.
(b) Plots of data from Fig. 2a plotted according to Eq. 4. Key: 0,
20°; @, 25°; 0, 30°; ®, 35°; and O, 40°. The slopes of the lines are
denoted B.

unless otherwise stated, the experiments refer to the 40—60-mesh
cut.

Several batches were made in this fashion, and the various cuts
were pooled to obtain adequate yields for the dissolution rate stud-
ies. The dimensions of the 1000-ml jacketed beaker were 8 cm in
diameter and 18 cm in height; it was agitated by a Teflon-coated
magnetic stirring bar, 8 mm in diameter and 36 mm in length, op-
erating at 120 rpm. The jacket was connected with Tygon tubing
via a pump® to a thermostated bath, so the jacket temperature
could be maintained to +0.3°. An amount of 0.1 N HCl slightly in
excess of 500 ml was placed in a 500-ml volumetric flask, the flask
was placed in the water bath, and the temperature was equilibrat-
ed.

The amount in excess of 500 ml was removed by pipet, and the
500 ml was transferred to the jacketed beaker. An excess of p-hy-
droxybenzoic acid (i.e., an amount in excess of the solubility) was
added to the solution, and the beaker was then covered with alu-
minum foil. The concentration of p-hydroxybenzoic acid in the su-
pernate was determined from time to time; when a steady level
had been reached (24 hr), the concentration was assumed to be the
saturation concentration. The temperature of the contents was de-
termined periodically and found to vary by less than 0.6° at the ex-
tremes, i.e., £0.3°. The experiment was carried out at 20, 25, 30,
35, and 40°. The assay method used was the spectrophotometric
method described by Pothisiri and Carstensen (16). The solubility
as a function of temperature is shown in Fig. 1.

The experiment was then repeated except that exactly the
amount of p-hydroxybenzoic acid necessary to saturate the 500 ml
of 0.1 N HC] at the test temperature (W,) was added, and (ap-
proximately) 1-ml samples were removed through glass wool with a
tared hypodermic syringe which was then weighed. The contents
were transferred quantitatively to a volumetric flask, assayed, and

3 LAB Vibrostatic pump, Lab Apparatus Co., Cleveland, OH 44128
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Figure 3—Dissolution rate experiment conducted with single
crystal of p-hydroxybenzoic acid in 0.1 N HCI on microscope
slide.

converted to grams of p-hydroxybenzoic acid per 500 ml at the
testing temperature by knowledge of the density of p-hydroxyben-
zoic acid solutions (at various concentrations) at the testing tem-
perature. The results of these studies are shown in Fig. 2a. No
more than five samples were removed during a test; if more points
were necessary, the experiment was repeated at the different time
points desired.

An experiment was also performed using an amount of p-hy-
droxybenzoic acid corresponding to 1.15 W, = W,, and an experi-
ment was performed with a 16-20 sieve cut with 1.5 W, = W,. A
dissolution rate experiment on a crystal of p-hydroxybenzoic acid
was performed on a microscope slide in 3 drops of 0.1 N HCI by
the method described by Carstensen and Patel (6); the length (b)
and the breadth (a) decrease linearly in time as shown in Fig. 3.

A microscopic determination of the dimensions of 60 particles
was performed (Fig. 4). p-Hydroxybenzoic acid is actually mono-
clinic, but the crystals approximate a rectangular parallelepiped
with sides a, a and b; Fig. 4 shows that the ratio of b to a is about
2.4. Since, as seen in Fig. 3, the rate constant for the breadth is k,
~ 0.04 cm/sec and the rate constant for the length is ks ~ 0.1 cm/
sec, kp/ka ~ 2.5, which is close to the ratio of the sides (= 2.4).
Since, therefore, the sides decrease in magnitude with rates ap-
proximately proportional to the lengths themselves, the dissolu-
tion is considered fairly isotropic.

The volumes (V = a2b) of the particles in Fig. 4 were calculated
based on the assumption that the particles are parallelepipeds.
The cube length equivalents (¥V) calculated in this fashion are
shown in Table L If the sieve cut were from a single crystallization,
it would be expected to have a monotonely decreasing frequency
function with increasing particle size (with the assumption that
the sieve cut is above the number based mean). Since it'is a blend
of several batches, this, of course, cannot be expected. In fact, the
distribution appears to be a square distribution (i.e., frequency is
equal for each size within the cut). The data in Table I fail to show
a significant difference from such a distribution (x? = 12, which is
smaller than the critical x2-value for 11 degrees of freedom and a

1000 - 8 i
000 I o) o O @] o o) ‘8’//,
€ goo - T
170 goo © g o
I | -
= 00 55 o 9. 5 8 8
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Figure 4—Distribution of dimensions of 60 crystals of p-hydrox-
ybenzoic acid of a 4060 sieve cut.

Table I—Distribution of Crystals from Fig. 4

Logarithm  Number of Percent
10~ Vi of Lower Crystals in Crystals
Interval, ym Number Interval (Cumulative)
1.1-1.2 0.041 2 3.3
1.2-1.3 0.079 2 6.3
1.3-1.4 0.114 5 14.6
1.4-1.5 0.146 9 29.6
1.6-1.6 0.176 4 36.3
1.6-1.7 0.204 5 44.6
1.7-1.8 0.230 8 57.9
1.8-1.9 0.255 8 71.2
1.9-2.0 0.279 2 74.5
2.0-2.1 0.301 5 82.8
2.1-2.2 0.322 6 92.8
2.2-2.3 — 4 100

probability of 0.05, x4, = 19.7). Brooke (19) recently discussed
this type of phenomenon in depth.

DISCUSSION

Although the data by Niebergall and Goyan. (14) suggest. that
the negative two-thirds relation (Eq. 4) holds to 30% of saturation
only, data from other literature sources suggest that it may have
wider applicability. Figure 5 shows the data from Wilhelm et al.
(9) for W, = W,; the test substance was sodium chloride, and the
data adhere to Eq. 4 to better than 80%. Deviations above 80% are
due to the fact that, in this range, the difference is a small differ-
ence between large numbers.

The data from the dissolution of p-hydroxybenzoic acid shown
in Fig. 2a are shown plotted according to Eq. 4 in Fig. 2b. Here,
again, the data adhere to Eq. 4 to better than 80% of solubility.
The deviations from adherance to Eq. 4 are negative and are at-
tributed to the fact that (aside from the poor precision in the high-
er range) the 40—60-mesh material is not quite monodisperse, so
loss of the smallest particles occurs in this range.

As shown in the Appendix (Eq. A8), Eq. 4 can be written:

(W/W,)~2/3 — 1 = S2/39k N'31/(3VR)t = Bt (Eq.9a)
or:
(W/W,)~2/3 — 1 = [4kS/(pd,)]t
It follows that the slope, B, adheres to:
In (B/T) =InS +In (k/T) +Inf4/(pd,)]

(Eq. 9b)

(Eq. 10)

0
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Figure 5—Data from Ref. 9 plotted according to Eq. 4 when W,
=W,
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Figure 6—The slopes, B, from Fig. 5 plotted as In (B/T) as a
function of reciprocal absolute temperature (1000/T °K~1).

Carstensen and Patel (8) showed that In (k/T) is linear with 1/7T
with a slope of between E/R and 2E/R, where E (<0) is the activa-
tion energy for the viscosity of the dissolution medium, and the
2E/R term holds with higher agitation intensities such as are re-
ported here. The data in Fig. 1 give In S = [-(AH/R)(1/T)] + q,
where AH is the heat of solution and q is a constant. From the data
in Fig. 1, it is seen that (AH/R) = 4850 cal/mole.

Therefore, a plot of In (B/T) versus 1/T should be linear and
have a slope of {(2E/R) — AH]. The linearity is demonstrated in
Fig. 6; the slope is —8000 cal/mole. Therefore, (2E/R) — 4850 =
—8000; i.e., E is between —3150 and —6300 cal/mole, close to E for
water (—4700 cal/mole). An equation derived from the film theory
(Eq. 4) apparently shows consistency in temperature dependence
and the attained slopes are of the expected magnitude.

In spite of several assumptions in the film theory (viz., isotropic-
ity, isometricness, constant film thickness, neglect of convection,
and size-independent solubility) and some experimental approxi-
mations (viz., geometric surface areas and the assumption of well-
defined particle size), the data developed from the theory adhere
well to experimental values. This statement is not an attempt to
minimize the theoretical importance of the assumptions but sim-
ply notes that the effects of the assumptions either cancel out or
fall below experimental scrutiny in many cases.

Other equations (15, 16) are also based on simple film theory
with the same assumptions. They basically do not differ, and it is
apparent from the Appendix that data following one should also
follow the other. Literature data (9, 16) are shown plotted accord-
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Figure 7—Data plotted according to Eq. 7. Key: ®, data from
Ref. 9 where initial weight W, = 1.2Wg; O, data from Ref. 16
where initial weight W, = 0.82W,; and @, data from Ref. 16 where
initial weight W, = 1.27W,.

1654 / Journal of Pharmaceutical Sciences

SECONDS

500 1000 1500
T

2000
T T T

-0.04

viw)

-0.05 3

2.0 TS N S TN NN NN R U N
10 20 30 40 50 60 70 80 90 100
MINUTES

Figure 8—Data plotted according to Eq. 5. Key: o, sodium chlo-
ride data from Ref. 9 where initial weight W, = 1.2W,; and O, p-
hydroxybenzoic acid data from Ref. 16 where initial weight W, =
0.82W,.

ing to Eq. 7 in Fig. 7 and according to Eq. 5 in Fig. 8, and the data
hold up to about 70% of saturation.

The derivations of Egs. 5 and 7 require that W, < W; or W, <
W,. A dissolution test using p-hydroxybenzoic acid at W, =
1.15W, is shown in Fig. 9, and the data, again, adhere to both Eqs.
7 and 5 to about 70% of saturation. In all cases, the deviation is in
the direction of smaller & values. Neither the concept that film
thickness decreases with the size of the particle nor the concept
that solubility increases with a decrease in particle size would ex-
plain this result, since the former, in decreasing h, would increase
k (=D/h) and the latter would increase the concentration gradient
and, hence, the dissolution rate. It may, however, be fallacious to
consider a sieve fraction comparable to monodisperse powder.

The point here is that, essentially, one is equating the surface
area of the “mean” particle size with the surface area of the sieve
cut. If particles were isotropic, then the most proper mean to use
would be of the volume-surface type; using the cube length equiv-
alent, it is possible to define %,, = Znx3/(Znx?) = [ff(x)x3 dx]/
[ff(x)x? dx], where f(x) is the frequency of the occurrence of the
length x. However, the use of the number average mean here gives
better results from a surface area point of view.

If one considers the data in Table I as representing a square dis-
tribution, then the frequency function, f(x), would be independent
of particle length, i.e.:

fx)=A (Eq.11)

where A is a constant. Normalizing this over the interval of 110-
230 um yields:

230
j:m f(x)dx =120A =1 (Eq. 12a)

so that:
A =1/120 (um)~! (Eq. 12b)

The surface area (per one particle equivalent) of a sieve fraction
Table II—Errors in Assuming a Sieve Cut of 40—60 Mesh

to be Monodisperse Assuming Linear Length Reduction
during Dissolution

Percent Volume?,
X, um  x,,um X,um A/A* Dissolved um¥
110 230 170 1.04 0 5.5 10°
80 200 140 1.06 43 3.2310¢
55 175 115 1.09 65 1.93 10¢
20 140 80 1.19 85 0.80 10°¢
0 120 60 1.33 97 0.24 10¢

2 Normalized to the equivalent of one particle.
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Figure 9—Data from this study plotted according to Egs. 5 and
7. Key: ®, p-hydroxybenzoic acid at 25°, 40-60 mesh, using Eq. 7
with initial weight W, = 1.15W,; ®, p-hydroxybenzoic acid at 25°,
40-60 mesh, using Eq. 5 with initial weight W, = 1.15W; and O,
p-hydroxybenzoic acid at 25°, using Eq. 7 with initial weight W,
= 1.27W, from Ref. 16.

between x; pm and x2 um is given by:
A = (1/120) f " 6x2dx = (1/60) (12 — ;%) (Eq. 13)
x1

The volume (per one particle equivalent) of a sieve fraction be-
tween x; um and x3 um is given by:

A = (1/120) f " ¢3dx = (1/480) (x2¢ — x1%) (Eq. 14)

If one assumes that x; decreases at the same rate as xs, then one
can calculate the area of the sieve fraction A as opposed to the area
(A*) it would have had if it had been monodisperse with the arith-
metic mean diameter. Data computed in this fashion are shown in
Table II. The area estimate is relatively close up to about 65% dis-
solved, at which point it is 10% high. The A/A* increases (almost
linearly) up to 65% dissolved, after which it rises drastically; this
increase would impart linearity to plots via Eq. 5 or 7, but the
slopes would differ somewhat from those given by the equations.

It is noted that x,, = 138 pm; if this value (rather than 170 um)
had been used in Table II, deviations would have been greater.
(This would not be so for example with a true sphere.) The as-
sumption that x; and x, decrease with the same rate is not correct,
and actual figures would be less favorable than those shown in
Table 1L

In a semiquantitative way, the foregoing arguments imply that,

SECONDS
0 400 800
T T T
—40 |
4-15
o —45 | o
by o
L E
- [3]
g <
> 5.0 >
~—2.0
0
5.5
1 1 \@ 1
0 300 600 900
SECONDS

Figure 10—Data from this study plotted according to Eq. 5 (Q)
and Eq. 7 (0) with p-hydroxybenzoic acid at 25°, 16-20 mesh,
and initial weight W, = 1.5W,,.
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Figure 11—Data from Fig. 10 plotted (®) according to Eq. 15
(which assumes constant surface area). Curve to the right (O)
shows the change in radius (assuming spherical particles) as a
function of time.

in the case of the 4060 cut, adherance to predicted equations
could be expected to only about 65% of complete dissolution of the
available solid when W, < W, (and to more than 65% of the com-
plete dissolution process when W, > W,). In Figs. 2b and 7-9, lin-
earity prevails to better than 70% of complete dissolution or of the
dissolution process; the use of sieve cuts apparently is an explana-
tion for nonadherance beyond this point. The relatively larger A
value has the effect of a larger r value in Eq. 7, which gives a higher
value of ¥(r) (smaller value of k). This trend is shown in Fig. 9.

Higher W,’s and larger particle sizes should reduce these effects,
and the data in Fig. 10 (W, = 1.5W,, 16-20-mesh fraction) show
that this coarser sample in higher amounts adheres to Eqgs. 5 and 7
through the whole dissolution process. At very high amounts of
material used, the point will be reached where the surface area will
stay practically constant during the dissolution process and should
follow (11):

In[1 = (C/S)] = —kOt/V (Eq. 15)

It is seen from Fig. 11 that W, = 1.5W; is not a sufficiently large
excess of powder to make Eq. 15 apply. Larger excesses are diffi-
cult to test, since dissolution becomes rapid with the increased sur-
face areas.

A secondary observation makes the previous considerations per-
tinent to many actual samples of recrystallized powders. Many
crystallizers are built on the principle of nonisothermal crystalliza-
tion followed by fines destruction (through a raise in temperature
at the end of the process). Blending of batches is also a practice,
and it would, therefore, be expected that distributions other than
log normal would result and that distributions such as the one
shown in Table I might be common. As shown in Fig. 12, a cumula-
tive plotting of this type resembles a log-normal distribution, and
this may be one reason (other than the reasons stated in the litera-
ture) that crystallized materials appear to be log normal.

In conclusion, it should be mentioned once again that a series of
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Figure 12—Data from Fig. 4 shown as a log-normal distribution.
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assumptions is made in the basic film theory of dissolution which
cannot be disregarded in dissolution work. However, in studying
dissolution behaviors of powder samples, experimental techniques
at present do not suffice to detect the effect of the assumptions be-
cause of the difficulty in producing monodisperse samples of crys-
talline samples. In general, film theory has produced equations
through a large range of W, values [Egs. 5 and 7, Eq. 2 (the cube
root law), Eq. 4 (the negative two-thirds law), and Eq. 15}, which
are workable models for dissolution of powders.

APPENDIX

The Noyes—-Whitney equation (1) in the nomenclature used here
is:

—-dW/dt = RO(S - C)

where O is surface area at time ¢t. The concentration, C, may be ex-
pressed as (W, — W)/V, and saturation concentration, S, may be
expressed as W,/V, so that Eq. A1 becomes:

(Eq. Al)

—-V(dW/dt) = RO[W, — (W, — W)] (Eq. A2)

For N particles, the surface area and weights are given by:
O = Nxd? (Eq. A3)
W = N=d3p/6 (Eq. A4)

so that:
OW-2/3 = NV3[6/(xp)]|¥3x = N1/3[6+/'x/p]?/3 = NIST (Eq. A5)
Inserting Eq. A5 in Eq. A2 then gives:

—V(dW/dt) = EN\B3TW23[W, — W, + W] (Eq. A6)
If W, = W,, then this becomes:
—dW/(W5/3) = (kN/3T/V) dt (Eq. A7)

which can be integrated and subjected to initial conditions to give:

2kN1/3p
—_—t . A8
v (Eq. A8)
which is equivalent to the Niebergall equation (Eq. 4).
In general, Eq. A6 can be simplified by introduction of the fol-
lowing substitutions:

wW-2/3 — Wo—Z/s =

W, —W,=F3 (Eq. A9)
W= 43 (Eq. A10)

in which case it becomes:
du/(F? + u®) = (kNY/3T/3V)dt (Eq. A11)

1656 / Journal of Pharmaceutical Sciences

which, after integration and use of initial conditions, gives the
Short-Sharkey—Rhodes equation (Eq. 5)4.
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4 The equation differs slightly from that r'eported by Short et al. (15) due
to a printing error in Ref. 15.



